Introduction
This paper is related to the following problem:
Construct a regular ladder for a nef and big Cartier divisor H on a normal variety X. This means to find a "good" element S ∈ |H| and then repeat for (S, H| S ). Note that H| S is still nef and big. A "good" member means here an irreducible reduced normal variety having singularities close to its ambient space. For example, they are both in the same class of singularities. In this paper we will find sufficient conditions for the existence of such ladders and the main result is:
Theorem 1.1. Let H be a nef and big Cartier divisor on a normal variety X n . Assume there is a boundary B X on X such that i) (X, B X ) is KLT, ii) −(K X + B X ) ≡ (n − r + 1)H, n − r + 1 > 0, iii) r < 4. Then dim|H| ≥ n − 1 and |H| moves without fixed components. Moreover, K X + B X + S is pLT for the general S ∈ |H|. In particular, (S, B S = B X | S ) is a weak log Fano with co(H| S ) = r if n > r, a weak log CY if n = r and a weak log general type if n < r < n + 1.
Remark: A weak log Fano (CY, or general type) variety is a log pair (X, B X ) with KLT singularites such that −(K X + B X ) is nef and big ( K X + B X ≡ 0, or K X + B X is nef and big (see Section 2 for details). Note also that conditions ii) and iii) can be rewritten as H ≡ K X + B X + tH, t > max(1, n − 3).
Remark:
In particular, H gives rise to a general regular pLT ladder (X, H) = (X n , H n ) > (X n−1 , H n−1 ) > · · · > (X c , H c ), c = ⌊r⌋ − 1 i.e. there are boundaries B i on X i with K X i + B i + X i−1 pLT, B i−1 = B i | X i−1 and −(K X j + B j ) ≡ (j − r + 1)H i . All members, except the last one, are weak Fanos and the coindex of H j is constant on the ladder (although the coindex of the weak Fanos on the ladder might decrease). Moreover, this Fano ladders are maximal: the last member is non Fano. As a corrolary we obtain Theorem 1.2. Let H be a divisor of coindex r < 4 on a weak log Fano (X, B X ) and S ∈ |H| a general element. 1) If 0 < r < 3, then S is smooth in base points. The base locus is at most a finite set of points. 2) If 3 ≤ r < 4, then dimBsl|H| ≤ 1, S is smooth in the base curves (if any) and it has only isolated singularities in the base locus. Assume X is smooth in Bsl|H|. Then S is smooth in Bsl|H| for n ≥ 4 and it might have (exactly) canonical double points for n = 3.
The main techniques are the Adjunction Conjecture, Kawamata's log canonical centers and the relation between dimension of log centers and discrepancies (see [He] , [Me] and also Lemma 4.3). The main theorem follows from the weak form of the Adjunction Conjecture and the nonvanishing on weak Fanos we prove in Section 3. For co(H) < 4, we extend a trick from [Me] to reduce the problem to the cases were Adjunction is already proved. Kawamata's new result [Ka3] on the Adjunction Conjecture can be used as a more natural alternative and it gives similar results for coindex 4 divisors which move. Results of this type have been already proven by Alexeev [Al] , Prokhorov [Pro] , Mella [Me] , Reid [Re] and Shokurov [Sh2] . I would like to mention Mella's paper [Me] and Prokhorov's article [Pro] , which I found very helpful. I would like to thank Professor Kawamata for updating me with his latest result on the Adjunction Conjecture. I would like to thank Professor Shokurov for his guidance and his valuable suggestions, and for allowing me to include his unpublished theorem in the Appendix. The notion of log canonical subscheme is also from his Lecture Notes.
Preliminary results, definitions and notations
The ground field is assumed of characteristic 0. A variety X means an irreducible, reduced, normal scheme of finite type over k. A (sub)boundary B X = d i E i on X is a Q-Weil divisor with (d i ≤ 1, ∀i) 0 ≤ d i ≤ 1, ∀i. We assume K X + B X is a Q-Cartier divisor on X. Definition: (Shokurov) For a resolution f :
Then I(X, B X ) is an ideal sheaf on X, independent of the choice of the resolution. The associated subscheme of X is denoted L(X, B X ). We define the locus of log canonical singularities of (X, B X ) to be LCS(K X + B X ) = SuppL(X, B X ). Conform [Ka1] , we call
is called a log canonical center. We denote CLC(K X + B X ) the set of all log canonical centers. Definition:
i) The pair (X, B X ) is called log canonical (denoted LC) if L(X, B X ) is reduced, which is the same as B Y being a subboundary for any resolution Y → X. ii) The pair (X, B X ) is called KLT if K X + B X is LC and LCS(K X + B X ) has codimension at least 2 in X. iii) The pair (X, B X ) is called pLT if K X + B X is LC and LCS(K X + B X ) has pure codimension 1. Definition: If (X, B X ) is KLT and D is an Q-Cartier effective divisor, we define the log canonical threshold of D, denoted lct(X, B X ; D), to be the maximal γ > 0 such that
Remark: Note that the Adjunction Conjecture we use is a weak form, the stronger form being proved in several cases by Kawamata: codW ≤ 2 or dimW = 2, cf. [Ka1] , [Ka2] . Recently Professor Kawamata proved in [Ka3] that B W is pef, and his version is enough for our results. Remark: Let (X, B X ) be LC, H a nef and big Cartier divisor on X, and D ≡ γH a Q-Cartier divisor such that
and there is just one log canonical place over Z (for a given resolution). Indeed, this can be obtained taking
Definition:(cf. [Fu] ) Let V be an n-fold polarized by an ample line bundle L. A sequence
is called a ladder if each V j−1 (j = c + 1, . . . , n) is an irreducible and reduced member of
Note that the existence of the above regular ladder implies that the base locus of |L| will coincide with the base locus of |L c |, hence of dimension at most c − 1. Definition: A (weak) log Fano variety is a KLT pair (X, B X ) such that −(K X + B X ) is (nef and big) ample. This implies P ic(X) is torsion free, so any Cartier divisor H with −(K X + B X ) ≡ tH, t > 0 is uniquely (up to linear equivalence) determined by t. We call t the numerical index of H and denote it index = ind(H). It is easy to see that 0 < t ≤ n + 1, where n = dimX (see [Sh1] , for example). It turns out that a natural invariant for ladders will be the numerical coindex of H, defined as co(H) = n + 1 − ind(H). The index (coindex) of X is defined as the minimum (maximum) index (coindex) over all nef and big Cartier divisors numerically proportional with −(K X + B X ). Note that 0 ≤ co(H) < n + 1. Remark: Given a weak log Fano (X, B X ) and H Cartier of index r, there is a birational contraction µ :
Indeed, this is an easy consequence of the Contraction Theorem. Note also that if S ∈ |H|,
This way, we can extend properties from log Fanos to weak log Fanos.
3. Nonvanishing on Fano varieties.
In this section, (X, B X ) is a weak log Fano variety of dimension n and H Cartier nef and big such that
Let p(t) = χ(tH) = a n t n + a n−1 t n−1 + · · · + a 0 . Then a n = d n! , a n−1 [KMM] implies p(t) = h 0 (tH) for t ≥ −(n − ⌊r⌋). In particular, any integer −(n − ⌊r⌋) ≤ t < 0 is a zero of p, and p(0) = χ(O X ) = 1. We also denote p j = (−1) n χ(−jH) which by duality and K-V vanishing is h 0 (K X + jH). In particular, p j ≥ 0.
Lemma 3.1. If n ≤ 2, then dim|H| > 0.
i) The only log Fano curve is P 1 (with boundary), and dim|H| = d.
ii) On a log Del Pezzo we have dim|H| = (4−r)d+δ 2 .
Proof:The first part is obvious. In the case of a log Del Pezzo, we know the Riemann Roch formula χ(tH) = (d/2)t 2 + (−K X H/2)t + 1.
Since h 0 (H) = p(1), we get the desired formula. iii) If ⌊r⌋ = 4, then h 0 (H) = (1 − p n−3 )(n − 1) + p n−2 + d(4−r)+δ 2 .
Remark: Note that d(4 − r) + δ = −(K X + (n − 3)H.H n−1 ). In particular, if d(4 − r) + δ > 0, then p n−3 = 0. Proof: i) (from [Al] ). We have
Therefore a = −1 + n(d(4−r)+δ) 2d and h 0 (H) = n − 1 + d(4−r)+δ 2 . ii) (cf. [Pro] for n = r = 3). We have
iii) We have
. Note that
We use the identity
Remark: We don't know if |H| moves, or even if h 0 (H) > 0 for any coindex 4 divisor H on a (weak) log Fano (hence n ≥ 4). In this case, h 0 (H) = (n − 1)(1 − p n−3 ) + p n−2 + δ 2 , and since −δ = (K X + (n − 3)H.H n−1 ), we have p n−3 = 0 unless δ = B X .H n−1 = 0. Therefore a) On a weak log Fano n-fold, a nef and big H with co(H) = 4, B X .H n−1 > 0 has dim|H| ≥ n − 2. b) On a log Fano n-fold, an ample H of coindex 4 has dim|H| ≥ n − 2, unless −K X ≡ (n − 3)H, B X = 0. Let's assume X is an exception as in b) above. From duality, p(t) = p(−t − n + 3), which is equivalent to n even and there is α ∈ Q such that the residual polynomial of degree 4 appearing in the expression of p(t) has the form
Assuming now that X is a 4-fold , we get
We have p −1 (1) = 0, p 0 (1) = 1 and p k (1) ≥ 2, ∀k ≥ 1. Therefore, if p −1 can be realized on a 4-fold, there would be amples of coindex 4 with |H| = ∅! It would be very interesting to find Fano 4-folds like this, or to show that they cannot exist! 4. Proof of the main theorem Lemma 4.1. Let |H| be a movable (i.e. dim|H| > 0) linear system on a KLT log variety (X, B X ) and let S ∈ |H| a general member. Then the log canonical threshold γ = lct(X, B X ; S) is constant for general S, and 0 < γ ≤ 1. i) If γ = 1, then CLC(K X + B X + γS) ⊆ Bsl|H|. ii) If γ = 1, then one of the following holds: (ii.a) There is a center of log canonicity for K X + B X + S included in Bsl|H|, or (ii.b) K X + B X + S is pLT and |H| has no fixed components. Moreover, in case (ii.b) , if S is connected then it is an irreducible, reduced, normal KLT variety.
Proof:
Resolving the singularities of X and the base locus of |H|, there is a log resolution µ : Y → X such that
, with a j ∈ Q, a j < 1, (ii) µ * |H| = |L| + r j F j , with |L| base point free, r j ∈ N and r j = 0 iff µ(F j ) ⊂ Bsl|H|. Take S ∈ |H| a general member. Then µ −1 * S = T + F j f ixed cpnt r j F j , and T is smooth (possibly disconnected) from the first theorem of Bertini. Therefore
It is clear that places of log canonicity for (X, γS) can be just T , fixed components, or exceptional F j 's over the base locus of |H|.
i) If γ < 1, then T cannot be a log canonical place, therefore all log canonical places lie over Bsl|H|. ii) If γ = 1, S is reduced and any fixed component would have multiplicity 1. Let's assume that there are no centers of log canonicity over Bsl|H|. Then LC places are exactly the components of T , hence there are no fixed components. Finally, the strict transform µ −1 * S = T is smooth, hence a disjoint union of components. Therefore (cf. [Sh3] , pg. 99) (X, S) is pLT.
If moreover, S is connected in the case (ii.b), then S is irreducible, otherwise we find Z in CLC(X, S) of codimension at least two at the intersection of two components, contradiction. Because S is the unique center of log canonicity for (X, S), it is minimal, hence normal (cf. [Ka1] ). Finally, S is KLT by the standard argument. 2
Lemma 4.2. Let (X, B X ) be a weak log Fano with −(K X + B X ) ≡ ind(H)H, H Cartier nef and big. Assume
Then for t > −ind(H) + γ we have:
We can write tH ≡ K X + B X + G + (t + ind(H) − γ)H, so Theorem 5.1 and its corollary applies for t > −ind(H) + γ. For the same values, K-V vanishing gives H >0 (X, tH) = 0, hence the lemma follows. 2 Lemma 4.3. In the same hypothesis as the previous lemma, assume that there is a minimal center Z of CLC(K X + B X + G) included in Bsl|H|. Then 1) (cf. [Me] for n = r = 3) We have γ ≥ codZ − r + 2.
2) Assume the Adjunction holds and we have Nonvanishing (i.e. h 0 (H) > 0) for any nef and big divisor H of coindex r−(codZ −γ)??+ǫ(ǫ ≪ 1) on a weak log Fano of dimension dimZ. Then γ ≥ n − r + 1 = ind(H).
3) If dimZ = 0, then γ ≥ ind(H) + 1.
We show that Z is not in the base locus if the opposite inequalities hold. Since |H| Z is a complete linear system for γ < ind(H) + 1, so it is enough to prove h 0 (Z, H| Z ) > 0. Perturbing G, we can also assume that CLC(
1) Let p(t) = χ(O Z (tH)), which is a polynomial of degree at most dimZ, and assume dimZ > 2. Since γ < codZ − r + 2, Lemma 4.2. gives p(t) = h 0 (Z, tH) for t ≥ −(dimZ − 1). In particular, p(0) = 1. If degp(t) < dimZ, then, since it has at least d − 1 zeros, p(t) ≡ 0. Contradiction with p(0) = 1. If degp(t) = dimZ, then p(t) has d−1 negative zeros −1, −2, . . . , −(d−1), and p(0) = 1, hence p(1) > 0.
2) Adjunction formula says (Z, B Z ) is KLT and
By Nonvanishing on weak log Fanos, h 0 (Z, H| Z ) > 0 if ind(H) − γ > 0. Note that the coindex co(H| Z ) is r − (codZ − γ). 3) If Z is a point, then H 0 (Z, H| Z ) = k, hence we're done.
2 Proof of the Main Theorem: From Section 2 we know that |H| moves. Let S ∈ |H| general and γ = lct(X, B X ; S), 0 < γ ≤ 1. Since H is nef and big, S is connected. By Lemma 4.1., is enough to prove that there are no minimal LC centers for K X + B X + γS included in Bsl|H|. Let's assume Z is such a center and derive a contradiction. Note that we can assume H ample by the Remark in Section 2. 
Contradiction with Z ⊆ Bsl|H|. c) If dimZ = 2, then (Z, B Z ) is a KLT surface. Same vanishing and adjunction holds, and h 0 (
Therefore, since Z has rational singularities, h 0 (H| Z ) = 0 only if χ(O Z ) < 0, hence only if Z is birationally ruled over a curve of genus g ≥ 2. 4. If n = 2, then 3a) and 3b) give contradiction. 5. If n = 3, then 3 implies that K X + B X + γS is pLT with Z a fixed component of |H| as a minimal center. If γ = 1, then K X + B X + S is pLT, hence we are done. Assume γ < 1 (note that 1 γ ∈ Z). We have have (Z,
therefore E is rational. Since g > 0, E is π-exceptional, hence E 2 = 0. Therefore, by contradiction, Z is smooth. Let C 0 be a normalized section of π, F the fiber of π, e = −degπ * O Z (C 0 ), H ≡ aC 0 + bF, a = H.F ≥ 1. We get
If a ≥ 2, then ind(H) + 1 − γ − 1 a > 1 − 1 2 − 1 2 = 0, contradicting the above equality. Therefore a = 1 and h 0 (H) = 0 is equivalent to −αH 2 + H.B Z = 0, i.e. H.K Z = 0. We already know that H i (H) = 0, i ≥ 0, and since H.F ≥ 0, Riemann Roch on C gives:
The existence of the ladder is clear. It is regular because −(K X j + B X j ) (j > c) is nef and big, so H 1 (X j , O X j ) = 0 by K-V vanishing. Note also that B X j−1 = B X j | X j−1 is well defined: B X j and X j−1 have no common components, since K X j + B X j + X j−1 is pLT.
2
Proof:(of Theorem 1.
2) The only nontrivial part is the preservation of smoothness. Let X > S > · · · > X 2 be the Fano ladder and assume P is an isolated singularity of X 2 . Let E be the exceptional divisor on the blowup of X in P . Then a(P, X) = a(P, X 2 ) + n−1 i=2 m(P ; X i ) > (n − 2)m(P ; S),
where a(P, X) represents the log discrepancy of X in P and m(P ; S) is the multiplicity of S in P . But a(P ; X) = n, hence m(P ; S) < 1 + 2 n−2 . If n ≥ 4, we get m(P ; S) = 1, so we are done. If n = 3, the only nonsmooth case is when a(P ; S) = 1, m(P ; S) = 2, i.e P ∈ S is a canonical double point. 2
Appendix
The following is an exposition of an unpublished result of V. Shokurov. Let (X, B X ) be a LC pair and denote I = I(K X + B X ). We have the following two exact sequences: 0 −→ I −→ O X −→ O LCS(K X +B X ) −→ 0, 0 −→ I(L) −→ O X (L) −→ O LCS(K X +B X ) (L) −→ 0, L ∈ P ic(X).
Theorem 5.1. (V. Shokurov) Let X be a normal variety, B X a boundary, D a Cartier divisor, D ≡ K X + B X + H, such that H is nef and big and K X + B X is log canonical. Then H >0 (I(D)) = 0.
Proof: 
2 From the short exact sequence we get Corollary 5.2. In the same hypothesis as above,
i) The map H 0 (O X (D)) −→ H 0 (O LCS(K X +B X ) (D)) is surjective.
ii) The isomorphism H i (O X (D)) ≃ H i (O LCS(K X +B X ) (D)) holds for any i > 0.
